
Math 4550-subgroups



Defi Letbeasa G

We say that It is

a subgroup of G

if It itself is a f-

group
under the

operation as
G

.

same

We write HEG to mean

that It is a subgroup
of G.

-

Ex: R is a group under addition

& EIR and I is a group under addition

So I is a subgroup of IR.

that is &I.

-



Theorem : Let G be a group
-

with identity element e.

LetIt be a subset of G.

Then
,

It is a subgroup of G

if and only if: G

H

① eeH
%

② If his ha H, Site
then hihzel-⑤ If he H

,

(*) Suppose H = G
.

ThenIt is a group using the

operation of G.



It must have an identity element

eH .

Let's show that ey = e
,

Where e is the identity of G.

We have

Chen-
since enEG since CEH
and e is and et is the[ [the identity identity of H

of G

Now ef' exists in G.

Thus ,

elec
So

,

e = Ch

Hence ,
eEH.

So condition D holds.

Condition & holds since It is a

group under the operation of G.



Now lets show 3

Let helt.

Since It is a group
there exists

-H where h = 2 .

But also in G we get his e .

nh = Whl
Thus ,

And, hhh
Thus,

h= h -

So s

Thus,
n"EH -

(3) Suppose
conditions

D ,
G,

hold. The only condition left to

show that It is a group is

associativity. But thats true

in G and hence is then true

in It since It is a
subset of G.

So HEG.



#: Consider the group

20 = E,
i
,
E

,
is

,
i

,
53

addition
Recall Io is a group under

with identity e =

0

.

Let's show that H = E ,
2, 3

of 26.
is a subgroup

② It is closed=under + by

the tableE"= H

=
"

= Yet
"= zEH

⑳Thus



E: Recall that

GL(2, (2) = 5(2))abcdE 3

is a group under matrix multiplication.

Let

Su(2 , IR) = [())ashid 3

Note that SL(2 ,
IR) is a

subset

of Gl(2 , IR)

GL(2, IR)

<
(2 >

1)

[(i[Tπ
+ 1)



Let's show that SL(2, IR) 1GL(2, HC)

Proof:
① The identity of GL(2, 1) is (oi) .

Since det (ii) = 1 we
have (bi) ESU(2,

IR)

② Let A
,
BESL (2 ,

IR).

Then det(A) = 1 and det (B) = 1.

So
,

det (AB) = det (A) det (B) = 1 .= ).

Thos ,
ABESL (2 ,

1R

③ Let C = (c) be in Su(ZIR).

Then det() = 1.

So,
ad-bc

= 1 .

We know
in

22(2 ,
IR) that

c= at () = (- - )
Abc= 1

--

So
,

det (c) = det (_ - ) = da - (-b) (- c)

=
ad - bc = 1

Thus
C"ESL(2 ,

IR).

By D ,
8, we have

SL(2,
IR)GL(2,

IR)

⑪



-

Note: Every group
G has these subgroups :

EH = Ee3 of the Frial subgrove

CH = G = the in per subgroup

-

to create

Wewillnowdis e
way

Won't be the unly way

will be a
way

to create the

It Essentially giveno"subgroups .

"cyclic
element X EG we

will
create the

au that contains
X,

of X.

smallest subgro
of all powers

it will consist



Lemma : Le- G be a group and XEG .
- n + m

If n,
MEE

,
then X

"

x
*

= X

rfiskiinclusotm and XX = Xe = xx.

Le + a, b > 0.

Then,

A timesFl



Theremi Let G be a group and XEG .

Define Recall

H = [x
* /ke2] x2 means

= E ...,
xxx,

e
,
x

,
xx.) F

3

()
then HEG .

we notate It by <x) and

Furthermore generated
call It = <x) the cyclic subgroup
- by X.

-
-

of:

Oe = X" is in H.

② Let hiha H,
R , and he= x

= where Kick ,
EX.

Then hi = X
k ,

+ kz Elt.
We get hins = x

*
x
*

= X

③ Let hel,
R where REX.

Then h = X

Note that XR xk = x
-k+

= x= e

Thus
, (x

* )"= X
-R.

So
,

h'EH .

~he 00, we get that HEG .

#



the group
IR* = IR-503.

EX : Consider
- *

Recall that IR is a group

under multiplication.

Let's calculate<2).

We have
the subgroup generated by 2 is

<2)
=(24(k = 2)

= E ...,
23

,
22,

1
,

2
,
2

,
22

,
...

IR
*

⑮



Ex: Recall that the integers

are a group
under addition.

So in this case in the abstract

-

theorem
,

for example ,
a means

atata .

3rd "power"
of a in I

Let X = 2
.

Let's calculate
(2) in 2.

We get

-2-2 -2
,

- 2- 2
,

- 2
,

0
,

2
,

2 + 2
,

2 + 2 + 2,]
(2) = 5 .... ↑

M-
&

inverse

"Of I IS powers" of 2

"powers
of 2

which is - 2

identity

So
,

subgroup generated by 2 is

<2) = E...,
- 6

,

- 4
,

- 2
,

0
,

2
,
4

,
6

,
... 3

=E2n(ne2]

the
set of multiples of 2.



Ex: In general for I one gets

(n) = E ...,
- 3n

,

- 2n
,
- n

,
0
, n

,
2n

,

31, ...]

This cyclic subgroup has a special

name,
it is denoted by n2.

For example ,

e
- 32 = 6 ...,

6
,

3 ,
0
,

- 3
,
- 6

....]

-2
= 204



↓et : Let G be a group and XEG
.

If there exists a positive integer m

where X* = e
,

then the order of X

is defined to be the smallest positive

integer m where X
*

= e.

If no suchm
exists then X

has

infinite order.

-

:Consider Vo = &1,
5

,
5, 5 % S'

- ii
and 9= 1.

Where S = e = e

Let X = 9?
1st power

of X = 3

We have
:I
2

2nd power
of X = 92

192" = 9 -
3rd power

of X = Sh

19% = S= 10

The smallest positive power
of X = 92 that

gives the identity 1 is 3.

Thus ,
92 has order 3 in UG .



Ex: In8
= 5,

i
,
z

,
5

,
7

,
5

,
5

,
=)

let X = E
.

We have

1st "power" of I

Z -
and "power" of Z

z +z =T-
Il "of E

-

2 +2+z = 6 -
3rd power

Itz + Itz = 5 =0 * 4th power
of I

The smallest positive power
of I that

gives the identity is
4.

Thus
,
I has order 4 in 28 .

-

EX :

Recall
InsiderthegrouRRe= 1.

-

Let X
= 2.

Then ,
x = 2 there is no positive
x= 22= 4 power

of 2 that

x = 2 = S E ives the identity

element 1 .
Thus,

x" = 2" = 16 & has infinite order in I*

: i Z



Therm: (Division Algorithm

Let my ne with My O
.

Then there exist unique
integers

q and w where

n
=qm + r

and Or>m

of: See my
3490 or 4460 notes.

:n = 38 ,
m = 4

⑨ q
Thus , 3879.

- n
= g . m + r

Or < m

-
EX : n = 36 ,

m
= 4 =

-

Thus,

36=9 .4&↑ ↑ P P Divides
36 n = q . m + r &

otr Or > M



Therem: Let G be a group
and XeG .

(a) If X has finite order n ,
then

(x) = Ge ,
x

,

x....,
x
*3

and x
*

* X
* if 0 R ,

<ka - H-1 .

So
,

n = Kx)) .

(b) If x
has infinite order then

(x) = d ...,, x,x,
e

,
x

,
x, x

.... )

and x** X
* if k

,
+ 2.

-
Prof:
(a) Let X

have finite order n.

Let S = Se,
x ,

x] ...,
x*]

We will show that S =<X).

Clearly S & <X

Let's show that<x7 ES .

Let xWE < X) where meZ.

By the division algorithm m = qu +

where
Orn .



Then x* = x
&n + -

= (x)fx = ex = x ES
↑
EX has order

Thus S &< X) .

So
,

S = <X).

Now suppose XR = xk2 with 0 K
,

< knIn-

Then xki-k = e with O < ka-k ,
< M.

This contradicts the fact that X has order n.

(b) Suppose x has infinite order.

If xk = X
22 with say

K
,
>k2

then xki-k = e
with K

,
-k =

>0

which contradicts X having infinite order.

-



Ex : Consider 26 = [
,
i
,

2
,

5
,
7

, 5]
-

Let's find all cyclic subgroups of 26.

[7 = [0]

(i) = [T,,,,=

⑮ ...

< 27 = 52, 4 / ]
↑ ↑

⑰

< 5) = 55, 03

< 47 = 54
,
2

,
53

<5) = 55,
7

,
5

,
2

,
T

,
Y = 26

Answer
50 ,53 <57

50 ,
2

,
:38 <27 = (i)

20 = <i) = <5)



ef: Let G be a group .

We say that G is cyclic
-

G = <x].

if there exists X-G where

If this is the case then we
call

X a generator of G.

-T=< i) is cyclic

In general , En = <T) is cyclic

-

Ex: Un = (5) where Se is cyclic

-

Ex: I is cyclic since

x = (1) = 5 ....
- 3

,
- 2

,

- 1
,

0
,

1
,

2
,

3
,

... ]

** ↑ I

+-t
e t



Therem: If G is a cyclic group,

then G is abelian.

-

ot,se G is cyclic

Then there exists X-G where G =<x).

Let a ,
bEG .

Then a = XR and b = x where
R

,
le X.

So ,
ab =

xkx = xk+ 2
= ye

+
= x

*x =
ba

~
hisabelian


